Introduction
Indefinite integration means that given f in some set we want to find g from possibly larger set such that f = g . When f and g are required to be elementary functions due to work of among others Risch, Rothstein, Trager, Bronstein (see [1] for references) integration problem is now solved at least in theory. In his thesis Cherry gave algorithm to integrate transcendental elementary functions in terms of exponential integrals. In [2] he gave algorithm to integrate transcendental elementary functions in so called reduced fields in terms of error functions. Knowles [3] and [4] extended this allowing also liovillian integrands and weakened restrictions on the field containing integrands. We extend previous results allowing incomplete gamma function Γ(a, x) with rational a. Also, our theory can handle algebraic extensions and is complete jointly (and not only separately for Ei and erf). In purely transcendental case our method should be more efficient and easier to implement than [2] . In fact, it seems that no system currently implements algorithm from [2] , while partial implementation of our method in FriCAS works well enough to be turned on by default. With our approach non-reduced case from [2] can be handled easily. We hope that other classes of special functions can be handled in a similar way, in particular irrational case of incomplete gamma function and polylogarithms (however polylogarithms raise tricky theoretical questions).
Structure of integrals
We say that a differential field E is a gamma extension of F if there exists θ 1 , . . . , θ n ∈ E such that E = F (θ 1 , . . . , θ n ) and for each i, 1 ≤ i ≤ n, one of the following holds
where F i = F (θ 1 , . . . , θ i−i ). Intuitively clauses 2 to 5 above mean
If K is a differential field, v, u ∈ K and v = u u we say that u is exponential element and that v is logarithmic element.
We say that a K is l-closed iff for every algebraic extension E of K if c i are constants linearly independent over rational numbers, u i ∈ E, c i u i /u i = v , then some powers of u i are in k modulo multiplicative constants. This implies that logarithmic elements in E belong to K modulo additive constants. Natural constructions of differential fields lead to l-closed fields, in particular algebraic extension, extension by logarithm, extension by exponential and extension by nonelementary primitive preserve l-closed fields. However, it is easy to build artificial examples which are not l-closed, so we state this assumption explicitly.
Theorem 1 Let K, E be differential fields such that K is l-closed, has algebraically closed constant field and is algebraically closed in E, E is algebraic over K(θ) and θ is an exponential or primitive monomial. If θ is an exponential additionally assume that any exponential element u ∈ E can be written as u = θ k u 0 with k being an integer and u 0 ∈ K. If f has integral in a gamma extension of E, then there is algebraic extensionK of K such that we can write
with m i being integers such that −k i < m i < 0 and k i and m i are relatively prime. If θ is a exponential or a nonelementary primitive, then we can take
If θ is a nonelementary primitive, then we can take
We call terms of the sum over I 2 Ei terms and terms of the sum over I 3 gamma terms. We say that differential field is admissible when it is a tower of algebraic extension, extensions by exponential, extension by logarithm and extensions by nonelementary primitives. We assume that the tower is explicitly given, in particular we know minimal polynomials of algebraic generators and all other generators are transcendental (are monomials). Also we know basis of the space W spanned by logarithmic elements over Q and we can test if an element of W is a logarithmic element. Additionally, we assume that we can solve elementary integration problem and Risch differential equation problem for all fields in the tower leading to an admissible field.
Theorem 2 If K is an admissible differential field, then we can effectively find all Ei and gamma terms in formula 1 or prove that formula 1 has no solutions.
The method is partially implemented in computer algebra system FriCAS. Below w show examples of actual system output: First example shows that we may need algebraic extensions of constants. The second example shows that our method can do necessary simplifications. The third example shows that algorithmic approach handles sum of elementary and nonelementary part without trouble. Note that Mathematica 8 can handle only the first example, while Maple 15 can handle none.
